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SOLUTIONS TO IIT-JEE 2004 (MAINS)
MEMORY BASED QUESTIONS
MATHEMATICS

¢, d are distinct vectors satisfying relation axb = ¢xd and @x&=bxd. Prove
+¢éd=ac+bd.

[2]

= (*—a) I 6_6)
(a-d)lc-b)=0
= ab+cd=zac+bd
If o=a,+ia,, p=p,+iB,. Find centre and radius of the circle ((Z_g))zk
Z_

wherez=x +iy.

Here
|20 P=K? |- B[
5 (r-afz-a)=k(z-Blz-P)
= (k2 —1)22+ Z(E— k2§)+ 2(oc— kZB)+(k2.|B I —|a |2)= 0
k*B—a

Centre= %

N 1 " L2p 2 (L2 2 _ 2\L2 _

ABCD is the base of parallelopiped T and A'B’C'D’ be the upper face. The parallelopiped
is compressed so that the vertex A’ shiftsto A" on a parallelopiped S. If volume of new
parallelopiped Sis 90% of the parallelopiped T. Prove that locus of A" isaplane.

é.(B X E)X % = é’.(f) x E)

=  (09a-a)pxc)=0
so locus of A”is

(0.9a-7)bxc)=0
Which isaplane.

f(x) is defined as f:(-1, 1) R and is differentiable on (-1, 1). It is given that
f’(O):Iimn(f(%jj dso (0)=0. Find the value of Iim(g(n+1)cosl%—nj given

n—o nN—o\ 7T

cosl(%j
LLT[% (n+1). cos‘l(%j - nj

T
<—.

2

that

[2]
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= lim =

N—0!

n+1 ——sm 1J—nj
n

= Ilm[n+1)—E (n+2)sin l—nj
n m n

= Ilm(l n23|n ———smllj
n—oo TE n
=1-2 #/0)-2limsin* 1 [-.-|imn.f(5)= £(0)
TT nn%oo n n—ow n

Taking f(n)=sin™n]
:1—3.1“(0):1—g

2
. . . n<)! . . . .
Using permutation or otherwise, prove that % is an integer, where n is a positive
n!

integer.
[2]
Letr+1,r+2....r+naren consecutive integers
Product of these=(r+1) (r+2) ... (r +n)
_ L. (r+1)..(r+n)

1.r
— n+r Pn

(n+r)!
Whichisanirﬁteger
n2l=(1x 2....n)x (n+1)...2n)x (2n +1)...3n).....{(n2 = n+1)..n?)

There are n groups of n consecutive integers and each will be divisible by n!
So n?! isdivisible by (n)".

A and B are independent events and C is an event defined such that exactly one of A or B
occurs. Prove that P(C)> P(AUB)P(A B).

[2]

Here P(C)= P(A)P(B)+ P(B)P(A)

and P(AB)=P(A)P(B) [events are independent]
P(AuUB)=P(A)+ P(B)- P(A)P(B)

=  P(AUB)P(AnB)<(P(A)+P(B))(P(A)P(B))

—  P(AUB)P(AnB)<P(A)P(A)P(B)+ P(B)P(B)P(A)

=  P(AUB)P(AnB)< P(A)P(B)+ P(B) P(A)

[since (P(K)) and ( ) are less than or equal to onej

=  P(AUB)P(ANB)<P(C).
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(%)= * cosx.cosv/0
= J 1+sin%4/6

do. Findy'(x) at x =m.

72116

[2]

y(X) )]? COS X. COS\/_ do
2 1+sn? \/_
2
< cosvo cos\/_
y'(x) = cosx| — d j 42d J .
2/161+sm \/_ 2/161+sm \/_
_ cosx:cos|x2|.2X_ sinx I cos/0 0
1+(sin| x]) 2 1+sin*4/o

= y'(n)=2n

p(x) = 51x** — 2323x'® — 45x + 1035

Using Rolle’s theorem, prove that p(X) has at least one root in (451’ 10, 46).
[2]

102
Let F(x)= XT — 23 —% X2 +1035X + C

As F(x) is differentiable and continuousin (45", 46) and
F(4541%)= F(46) =
By Rolle’s theorem
F'(x)= p(x) = 51x** — 2323x'® - 45x + 1035 =0
has at least one root in (45", 46).

If M isa3 x 3 matrix, where det (M) = 1 and MM = I, then prove that det(M — 1) = 0.
[2]

Let M =

«Q O Q
> 0O T
~ = O

Since MM' =
. MTisinverse of M
=  MTisadjoint M [Since det (M) = 1]
ad g et—fth ch-bt bf-ce
= b e h|=|dgf—dt at—cg cd-af | (1)
c f t dh-eg bg—ah ae-hbd
a-1 b c
Now |[M-I|F| d e-1 f
g h t-
On expanding above determinant and using (1)
IM—-1]=0
OR
For any matrix M there exist areal number A and a non-zero column vector X such that
(M-ADX=0
= MX = AlX
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=  MX=iX Q)
taking transpose of both side of (1)
XMT=1XT 2
Multiplying (1) and (2)
X™MTMX =22X"™X as(M"M =1)
= XTIX=2*X"X
= XX=22X"X
as X isanon zero column vector

XX £0
= =1
= A=1lor-1
wheni =1
M-DX=0
= (M -1)X]=0
= IM—1]=0

Two lines having direction ratios (1, 0, —1) and (1, -1, 0) are parallel to a plane passing
through (1, 1, 1). This plane cuts co-ordinate axes a A, B, C. Find volume of tetrahedron
OABC.

[2]
Vector normal to the plane = (I +0.j- R)x (| —j+ OIZ)
= - (f + ]+ 12)
Direction ratios of normal to the planeis (1, 1, 1)
L Equation of plane: x +y +z=3
= OA=3

-~  OB=3j
= OC =3k

= g cubic unit
2

o w o

3
volume of tetrahedron = % 0
0

If &, b, c are positive numbers, then prove that (1+a)’(1+b)’(1+c)” > 7" a*b*c*

[4]

AM.>GM.

a+b+c+ ab;bc+ca+ abc S (a“b“c“)m

a+b+c+ab+bc+ca+abc> 7(a“b“c“)1/7
=  1ta+b+c+ab+bc+ca+abe> 7(athct |
= (1+a)1+b)i+c)> 7(a*b'ct |
=  (1+a)(1+b)'(@+c) > 7'(a'b’c*)

: - (x+2)*+(y-3) - ,

A curve passes through (2, 0) and slope at point P(x, y) is . Find equation

(x+1)

of curve and area between curve and x—axisin 4™ quadrant.
[4]
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dy (x+1)° +(y-3)
dx (x+1)

(x+1)% =(x+1°+(y-3)

Let X =x+1Y=y-3
Xd—Y: X?+Y
dX

day v

dX X
1
= x™ gox -1
X

Solutionis
Y.i:ji.x.dx
X X
i =X+C
X

Y=3_yi1sc (1)
x+1

As curve passes through (2, 0) C=-4
.. (1) becomes
(x=3)fx+1)=(y-3)

‘ 2 x® 2 ’
Area:!:(x —2x)dx=[€—x}

0
:‘§_4{_i‘
3 | 3

N[~——_

(1,1

Line2x + 3y + 1 = O isatangent to acircle at (1, —1). This circle is orthogonal to a circle
which is drawn having diameter as a line segment with end points (0, —1) and (-2, 3). Find

equation of circle.

Slope CPis I(—+1=§
h-1 2
2k+2=3h-3
3h-2k=5 (@)
Equation of second circleis
(x=0)x+2)+(y+1)(y-3)=0
X*+y?*+2x-2y-3=0 (2

Centre (-1, 1) and radius = J5

Above circle is orthogonal to the circle having centre (h, K).
(h—1° +(k+2)°+5=(h+21° +(k-1)

4h—-4k =5 (3)
Solving (1) and (3)

k=
4

(h, K)

[4]

—1P(1,-1)
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Equation of circleis

( 5T ( 5I 117
X—==| +|y—-=| ==—.
2 4 16

bsinl(ﬁj, —l<x<0
2 2
1
f(x)=<= at x=0
(=1
ax/2
e -1 , O<x<1
X 2

If £(X) is differentiable at x = 0. Find the value of a also prove that 64b° = 4 — ¢

[4]

l[im
h—0 h2
For thelimittoexista=1;

Hence RHD = %

LHD = |im 1@ =N (0

°  —h

lim
h—0 —h

Asfunction is differentiable so thislimit is equal to %

For this constant part must be zero and coefficient of h in the numerator must be equal

to- =

8
Coefficient of h in numerator isequal to

2 2 272 4
_b 1+1—3(Ej +1'3 XS(EJ + e _ 1 (1)
2 3 \2 5 2 8

Clearly left hand sideis derivative of

—bsin’lg ax=c

= Left hand side of equation (1) is



15.

Sal.

16.

Sal.

1——

= Squaring both side
64b* =4-c?

A box contains 6 white and 12 red balls. 6 balls are drawn without replacement, in which
at least 4 balls are white, find the probability that exactly one of the ball in next two draws,
iswhite.
[4]
Let E be the event when there are minimum 4 white balls in Ist 6 draws (without
replacement)
E=E,UE,UE,

E, = exactly 4 white balls are drawn
E, = exactly 5 white ballsare drawn
E, = exactly 6 white ballsare drawn

B be the event such that out of next two drawn exactly one is white.
P(B)=P(BNE,)+P(BNE,)+P(BNE,)
= P(B/E,)P(E,)+ P(B/E,).P(E, )+ P(B/ E, )P(E,)
B 2C1.10C1 6C4.12C2 1C1-11C1 6C5.12C1
- 2c Bc + e Bc +0
2 6 2 6

y? —2y—4x+5=0 is an equation of parabola. A point P is taken on the parabola and
tangent at P intersects directrix at Q. Find the locus of a point R such that it divides PQ

externaly in the ratio %:1.
[4]

Parabolagiven (y-1)° = 4(x-1) R(h, k)
Equation to directrixx=0  focus (2, 1) /
Let point P(t2+12t+1) is on the parabola Q,/
Tangent at any point P (1.1)
ty—x=t*>+t-1 \

t2 4+t -1 ©.0 T~
Co-ordinate of point Q(O, J

Let the point R(h, k) whose locus is to be found
for which R divides PQ externally in the ratio

1:2
2
h:Z!t +1! 1'0:2t2+2:t2:h 2 (1)
2-1 2
t?+t-1
2(2t+1)-1. a4l
t A +t+1
2-1 1 t

Using (1) and (2)
3t? +1)+(t-2)

k:
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Thelocus of point Ris
2(y-1*(x—2)=(3x-4)

Prove that sin x+ 2x> x+1) X € {0, g} . Justify the inequalities used in the relation.
T
[4]
Let f(x)=sinx+2x
: f'(x) = cosx + 2
f"(x)=-sinx
Foer(o g} x)>0, (x)<0
= f (x) isincreasing function and concave downward
3x(x+1
glx) - 20+
T
, 6x+3
g'(x)=
T
” 6
9"(x)=—
T
7‘[ Aky
For x e (0, Ej g'(x)>0,g"(x)>0
g(x) isincreasing function and concave upward o
Also f| Z|> gl =
2]>4(3) o
f(0)=g(0)=0 o
Hence from graph easily see f(x)> g(x)
n+4x°
*"’32 cos(|x|+ j
[4]
m+4x° ’3 T e 4Ax3dx _
=1+
-“’32 cos(|x|+ J -“/32 co! |x|+3j 32-co |x|+gj

I, =0 [odd function]

3 SEC (2+6J
e 2nj dx

0 1+ 3tan (’2( gj
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A=l1 b d|,B=|0 d c

1 b c f g h

f a’
U=|g|,V=|0

h 0

If AX = U has infinitely many solution. Prove that BX = V has no unique solution, also
prove that if afd = 0, then BX =V has no solution. X isavector.
[4]

AX =U
fa 1 0 X f
= 1 bd:y|l=]|0g
1 b c: z h
[0 1-ab O-ad : x f —ag
= 1 b d Y=l g
0 0 d-c : z h—g

as AX = U hasinfinitely many solution
= d=candh=g

Now BX =V
fa 1 1 : x| |a?
= 0 dc:yl=|0
' f g h: z 0
a1 1 X a’
= 0 d c cyl=|0 Q)
00 h—l—E(g—iJ z —af
a d a

lfc=d=0andh=g
clearly BX =V has no unique solution

ifc=d=0 h—i—g(g—iij

a a
= [A:X]=0
= BX =V hasno unigue solution
Now asafd = 0

= a=0,f0d=0

= [A:X]=0butas -af #0
from equation (1)

BX =V has no solution.



20. P, and P, are planes passing through origin. L; and L, also passes through origin. L; lies
on P; not on P, and L, lies on P, but not on P;. Show that there exists points A, B, C and
whose permutation A'.B’.C’ can be chosen such that
(1) AisonL,, B on Py but not on L; and C not on Ps.

(i) A’ inon Ly, B’ on P, but not on L, and C' not on Ps.
[4]

Sol.  Wetake

A= A'=origin
B = B' = any point other than origin on the line of intersection of P; and P».
C =C' = any point neither on P; nor on P,

In this case both conditions (i) and (ii) are fulfilled.

(0, Oppn (8)

Similarly if we take
A = non-origin point on L,
B = non-origin point on the line of intersection of P, and P,
C = non-origin point on L,

If wetakeA=C',B=B'andC=A'

Both the conditions (i) and (ii) are fulfilled




